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Abstract 

We propose a generalization of Gysin maps for DM-type morphisms 
of stacks F ^ G that admit a perfect relative obstruction theory Ep^^ . 
We prove functoriality properties of the generalized Gysin maps. As 
applications, we analyze Gromov-Witten invariants of blow-ups and 
we give a short proof of Costello's push-forward formula. 
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1 Introduction 

Given a map f : F ^ G of DM-stacks that admit virtual classes in the sense 
of [2] one would like to have a morphism : A^{G) A^{F) that sends the 
virtual class of G to the virtual class of F. This suggests one should look 
for a generalized version of Gysin pull-backs. The idea is to try to "treat / 
as if it was regular" whenever this is possible. It will be seen that in some 
cases this expectation is hopeless, although the virtual codimension of F in 
G is always constant. 

It should be said that the idea is not entirely new, although we did not find 
this approach in the literature. The main inspiration point was the "func- 
toriality property of the Behrend-Fantechi class" in [12| . Also, a similar 
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situation appears in in shape of the [M, A^]^^''*-construction. 
Recently, we have been informed of the existence of [8]. The ideas there are 
basically the same, with a slightly different flavor. We hope, however, that 
our point of view may contribute to a clear understanding of this subject. 

The main idea of the first section is to replace the normal bundle NpjQ 
with a "virtual normal bundle". The appropriate context for this is given 
by obstruction theories. Precisely, if / admits a perfect relative obstruction 
theory E^^^, then we take the virtual normal bundle to be /h^{{Ep^Q)*). 
The key tool is Kresch's "deformation to the normal cone" for (Artin) stacks. 
In section 2 we show that the generalized Gysin pull-back satisfies the usual 
compatibility conditions. Moreover, we prove that subject to a very natural 
compatibility relation between obstructions the construction gives a map 
that sends the virtual class to the virtual class. The statement may also be 
seen as a generalization of the functoriality property in [2] and |12j . 
As an application we provide the answer to a very natural question. Given a 
smooth projective variety X and its blow-up p : X ^ X along some smooth 
projective subvariety, we would like to know when do the GW-invariants 
agree. More precisely, if we start with a given homology class (3 £ Ai{X) 
and a collection of cohomology classes 7^ G A*{X), then we can associate a 
"lifted" homology class in Ai{X) (see Definition [6] for a precise definition) 
and cohomology classes p*'yi € A*{X). One could expect that the GWI as- 
sociated to these data are equal. This was first analyzed in [6j where X was 
some projective space and Y a point and in [9], [TT] where it was treated 
the blow-up along points, curves and surfaces. Recently, it was shown in [H] 
that (subject to a minor condition) the expectation is true for genus zero 
GW-invariants of blow-ups along subvarieties with convex normal bundles. 
Our idea is to show the equality of rational GWI for X convex and then 
"pull the relation back " (see Proposition [1]) . The statement we get should 
be compared with Theorem 1.6 in [8]. 

We also give a short proof of Costello's push-forward formula. 

Notation and conventions. Unless otherwise stated we denote all inclu- 
sions by i and all projections by p. 
We work over a fixed ground field. 

An Artin stack is an algebraic stack in the sense of [TB] of finite type over 
the ground field. 

We will usually denote schemes by X, Y, Z, etc, DM-stacks by F, G, H, 
etc. and Artin stacks by gothic letters 971, (B, ^, etc. 

Unless otherwise stated, by a perfect obstruction theory in the sense of [2] 

we will always mean perfect in [—1,0]. 

By cones we mean cone-stacks in the sense of [2J. 

If X is a smooth projective complex variety and (3 £ Ai{X), then Mg^n{X, (3) 
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denotes the moduli stack of n-pointed stable maps of genus g to X of class 
(3 (see m). 
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2 Construction 

2.1 Generalized Gysin pull-backs 

Let f : F ^ G he a DM-type morphism of algebraic stacks and, moreover, 
let us assume F is a DM-stack. In this section, we define a pull-back mor- 

fi 

phism yl*(G) A^{F) depending on some vector bundle stack S;, in the 
same way as in [5] Chapter 6, but we replace the condition "/ is regular" 
by a weaker condition. Precisely, if CpjQ denotes the normal cone stack to 
/ introduced in ^14j, we require the following 

-k there exists a vector bundle stack <E, and a closed immersion Cp/Q ^ ^. 
Let us recall the basic definitions. 

Definition 1. A morphism / : — > G of Artin stacks is called of Deligne- 
Mumford type (or shortly of DM-type) if for any morphism U — > G, with V 
a scheme, -F U is a Deligne-Mumford stack. 

Let us now give Kresch's definition oiCp/Q. We refer at [I4j, section 5.1. 
where the author treats the case / is representable and locally separated. 
As remarked in [12], proof of Proposition 1, the construction copies for / 
of DM-type. Let us briefly sketch the construction. Let f : F ^ G he a 
DM-type morphism of Artin stacks. Then one can construct a commutative 
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diagram (not unique) 



U ^-^V:=MxW (1) 

et 

F XqW 



f 

F 

where U and V are schemes, the vertical arrows are smooth surjective and 
the top arrow [/ — > is a closed immersion. 

Let now R := U Xp U and S := V Xq V with pi, p2 : R ^ U and 
Qi, q2 '■ S ^ V he the obvious projections. Moreover, U and V in diagram 
([T]) can be taken such that the natural map i? — > S* is a locally closed 
immersion. Therefore, this map gives rise to a normal cone Cji/s (see |18J). 
Let si, S2 be the maps obtained by composing 

Cr/s ^ (CuxvS/s) XC/xv5 R — Cu/v xu R^ Cu/v-, (2) 

where the first ones are induced by the maps R = U xp U ^ U xqU ^ 
U XqV ':^U Xy S, the last isomorphism depending on qi. By [14J, section 
5.1, the groupoid [Cjijs ^ Cjjiy] defines a stack that is denoted by CpjQ. 

In a completely analogous manner one can define a groupoid [N^jg ^ 
^u/v]i where Nj^^g, ^u/v are the normal sheaves (see e.g. [2] section 1, for 
the definition of the normal sheaf of a closed embedding and see below for 
locally closed embeddings). This groupoid defines a stack that we denote 
Np/G- 

Definition 2. We call the cone Cp/Q the normal cone of / and NpjQ the 
normal sheaf of /. 

Let us now compare these objects with the ones in Let us first recall 
the definitions. 

Definition 3. Let f : F ^ G he a DM- type morphism and let Lp/Q G ob 
^{Op) he the cotangent complex. Then we denote the stack /h?[LpiQY 
by '^p/G Slid we call it the intrinsic normal sheaf. 

We denote by tpjQ the unique subcone oi'^pjQ that for any diagram ([1]) 
with U ^ F etale, (tp/dU = [Cu/v / f*Ty/Q] ^^'^ we call it the intrinsic 
normal sheaf. 

The following Lemma in probably well-known to experts, but as we did 
not find it in the literature, we give a detailed proof for completeness. 
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Lemma 1. The cone stack CpjQ of Definition\^is canonically isomorphic 
to the intrinsic normal cone ^p/G of Definition\^ 

Proof. We divide the proof in several cases. In what fohows we use the no- 
tation "=" for canonical isomorphisms. 

Case 1. If / is a closed embedding of schemes the statement is trivial. 

Case 2. If / is a locally closed embedding of stacks, then NpjQ and CpjQ 
are obtained by descent on F (see |18] ) and hence it suffices to check the 
statement locally. This shows the statement follows by the first case. 

Case 3. If / factors as 

W ■.= GxM 




with i a locally closed embedding and M a smooth scheme, then — 
NpjyY /i*TM- Let us take C/, V etale covers of F and G x M such that 
U ^ y is a closed embedding of schemes. Then, it suffices to show we have 
an isomorphism 

^U/V ^Np/yv/TM ^U/V ~ ^UxfU/VxgV 

compatible with the groupoid structure. For this, we see the ffi'st term is 
isomorphic to p*i*TM x Njj/y x Np/^y ^u/v using V ^ W is etale we ob- 
tain the first term is isomorphic to p*i*TM x Nu^^jjiy. On the other hand, 
we know by the previous case that -/Vc/Xi^u/yxcV is canonically isomorphic 
to '^ux.fU/Vx.gV foi^ which we know it is isomorphic to '^ux.fU/V ^P*'>'*Tv/g- 
This shows ^f/g = ^f/g- 

Case 4. In general, we show ^p/g = ^F/G- The proof is very similar 
to Case 3, above. Let us first give an explicit description of '^p/g- For this, 
we take to be a smooth atlas of G and U an affine atlas of -F Xc W . 
Taking M a smooth scheme such that U embeds in M, we obtain diagram 
([1]). Now, the diagonal map : [7 — > G is as in Case 3 above and therefore 

Nu/G = ^i//G = Nuiv/Tv/G (3) 
In order to analyze the lower triangle, we consider the distinguished triangle 

P*Lp/G LjjiG Ljjip p*Lpig[1] 

of relative cotangent complexes. Ks p : U ^ F \s smooth it is easy to see 
that we are in the conditions of Proposition 2.7 in [2] and thus we get a 
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short exact sequence of intrinsic normal sheaves 

^ ^u/F ^ ^[//G ^ P*^F/G ^ 0. (4) 

By ([3]) and ([1]), in a similar way as before we get local isomorphisms. More- 
over, the same equations ^ and (H]) give a smooth morphism of abelian cone 
stacks NjjiY and in a completely analogous fashion we get mor- 

phisms of abelian cone stacks Nu-^^uiy-^^y — > Nu^y. This shows we obtain 
a morphism of abelian cone stacks -/Vf/Xi^cz/VxcV ~^ ^u/v ^^f/g ^u/v- 
Since as remarked above, this morphism is a local isomorphism, we obtain 
an isomorphism Nu/y Xg^^^^ ^u/v — ^UxpU/VxcV- Checking the diagram 
below is commutative 

^UxpU/VxaV I ^U/V 

Nu/v x^n^/G ^u/v Nujy 
we obtain an isomorphism of groupoids and therefore the conclusion. 

Case 5. By Case 4 above, it is enough to check that CpjQ is canoni- 
cally isomorphic to the relative intrinsic normal cone ^pjG locally. For this, 
we look at the groupoid [Cujy-^^y ^ Cuiy] with the two maps obtained 
by replacing F with U . It is easy to see that Nujyy^^y is isomorphic to 
^u/v X f*'^v/G- Via this isomorphism, the two maps defining the groupoid 
are the projection and the natural action of f*Ty/Q on Cjjjy. This shows 
CpjQ is locally isomorphic to [Cuiy / f*TyiQ\. □ 

Remark 1 . By the above Lemma we are allowed to identify the normal cone 
to a morphism with the intrinsic normal cone. In particular, the above 
Lemma shows that Definition [2] is independent of the choice of U and V in 
diagram [TJ Although normal cones are cone stacks, we will use for simplicity 
the notation CpjQ instead of ^f/g- 

Theorem 1. Let F ^ G be a DM-type morphism of Artin stacks. One can 
define a deformation space MpG ¥^ (i.e. a fiat morphism) with general 
fibre G and special fibre the normal cone Cp/Q. Moreover, for any cartesian 
diagram 

F' ^G' 

F ^G 

there exists an induced morphism Mp,G' MpG that fits into a cartesian 
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diagram 



Cf'/g' -Af°,G' 



Cf/g ^M°G 

Proof. By [14j in the representable locally separated case (or [15J for locally 
closed immersions) and by [12] for the DM-type case. □ 

Example 1. (i) Let G be a DM-stack, E a vector bundle on G and G ^ E 
the zero section. Let V be an etale atlas of G and Ey the pull-back of E 
to y, then we can construct a commutative diagram as above and Cqj^ is 
obtained by descent from CyjEy ~ Ey. This shows that Cqie is precisely 
E. 

(ii) Let F — > G be a DM-type morphism and p : E ^ G a vector bundle on 
G. If i : G — > -E is the zero section, then we have a morphism of distinguished 
triangles corresponding to / and i respectively 

f*i*LE Lf Lp/E ri*LE[l] . 



Lf Le/g f*LG[l] 

Using p instead of i we obtain in the same way a morphism Le/g ~^ Le/e 
and thus we get a morphism f*LG/E ® Le/g ~^ Le/e- To show it is an 
isomorphism it suffices to show the statement locally. As we may assume G 
is an affine scheme, it is easy to see that i*LE = Lg®E. On the other hand, 
Lg/e = ^ 0], where E stays in degree —1 and therefore we reduced the 
problem to showing the triangle 

fLG ®E^Lf^ Le/g e ^ 0] 

is distinguished. But this follows trivially from the definition of the map- 
ping cone. This shows that /h^{L'^^^) is isomorphic to /h^{L'^^Q) xf 

h} / hP {f* L]^ I ^) . We have thus obtained Cf/e is isomorphic to Cf/g ^ Ff*E- 

(iii) Let F ^ G he DM-type morphism and ^ := E^ /E^ a vector bundle 
stack on G. It is easy to see that Cp'/g = Ce/e^/L^^- Using (ii) above 
for Ce/e^^ obtain that the normal cone of F in is isomorphic to 
Cf/g xf f*^- 

(iv) Let -F — > G be a smooth morphism of DM-stacks. Let W be an etale 
atlas of F. Then we can take U = V := W . As above, locally the normal 
cone Cf/g is given by W/T-^/g^ that is a vector bundle stack. 

(v) Let X ^ Y he a, morphism of smooth schemes. Then, U and V above 
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can be taken to be X and X xY SkS below 



idx f 

X -^X X Y 



X 



Y 



where 112 is the projection on Y . It is then easy to see that the normal cone 
is [Nx/xxY /Tx\ that is a vector bundle stack. 

Lemma 2. Let 




he a cartesian diagram of Artin stacks with f of DM-type. Then, there exists 
a closed immersion Cpi/Qi ^ p*Cp/Q. 



Proof. By either [2] Proposition 7.1 or 



□ 



Remark 2. Theorem [T] shows that whenever G is purely dimensional of di- 
mension r, Cp/Q is again purely dimensional of dimension r. 

/ 

Construction 1. Let F be a DM-stack and F — > G be a DM-type morphism 
of algebraic stacks. Given a vector bundle stack (E of (virtual) rank n on 

F and a closed immersion Cp/c ^ ^, we construct a pull-back map : 
—5- A^-n{F) as the composition 

A,{G) A A,{Cp/g) ^ A4(B) ^ A,^n{F). 

The first map is defined on the level of cycles by cr{Y^ ni[Vi\) = Yl n'i[CwnVi/Vi] 
and is a consequence of Lemma [1] (see [Hj). The second map is just the 
push-forward via the closed immersion i and the last is the morphism of 
[Hj . Proposition 5.3.2. 
Going further, for any cartesian diagram 




let : A^,{G') — > j4=k_„(F') be the composition 

A,{G') A A,{Gp,/G') ^ A,{Gp/G xpF')^ A,{p*(B) ^ A,_„(F') 
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Remark 3. Note that in case X, Y are schemes such that X is regularly 
embedded in Y, then the normal bundle of X in Y satisfies condition :*r 
and i'Nx/Y precisely the Gysin pull-back. We remark that the pull-back 
depends on the chosen bundle. For example, if £^ is a bundle satisfying 
condition (:*r) we can construct i'^^^/, where E' is any other vector bundle. 
These morphisms will be obviously different from each other. 

Remark 4. If X — > y is a smooth morphism of schemes, then by Example [T] 
(iv) Cx/Y is a vector bundle stack and hence we can construct its generalized 
Gysin pull-back. We will show later that our definition agrees with the usual 
flat pull-back. 

2.2 Obstruction Theories 

The purpose of this section is to produce non-trivial examples. Precisely, 
when the normal cone of — > G is not a vector bundle stack we will find 
under extra assumptions a vector bundle stack that contains it. 
By a relative obstruction theory we mean a relative obstruction theory in 
the sense of [2]. 

Corollary 1. If F ^ G is a DM-type morphism and there exists a perfect 
relative obstruction theory Ep^^, then condition (★) is fulfilled. 

Proof. By Lemma [H the normal sheaf NpjQ is nothing but ^f/g- 
the other hand we know that mp/c embeds in ftp/G ■= ^V^°(-^f/g) (0' 
Proposition 2.6.). Our condition on the relative obstruction theory ensures 
<Bp/Q is a vector bundle stack ([ibid.]). □ 

Construction 2. Let us now assume F and G are DM-stacks and have 
relative obstruction theories with respect to some smooth Artin stack 9Jt. 
Let us denote them by E'pj^ and E^^^ respectively. Given a morphism 
if : f*EQiyy^ ^F/dJl commuting with f*LQ/fffi —i- Lp/^, we construct a 
relative obstruction theory E^^^. 

The morphism f : F ^ G induces a distinguished triangle of cotangent 
complexes 

f*^G/m ~^ Lp/m ~^ ^F/G ~^ f*^G/m[M- 
Similarly, gives rise to a distinguished triangle 

f*^G/m ~^ ^F/m ~^ ^F/G ~^ f*^G/m[M (5) 

hence we have a morphism of distinguished triangles that induces the 
following morphism in cohomology 
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We know that the first vertical arrows are surjective and by the definition 
of obstruction theories we get by a simple diagram chase that E^^^ is also 
an obstruction theory. 

Example 2. A special case of this construction is when F — > G is a 
locally closed immersion and G is taken to be smooth over DJt. Then, 
h~^{f*E*^l^ = and this shows that h~'^{Ep^Q) = 0. This makes E^^^ 
into a perfect obstruction theory concentrated in degree — 1 and consequently 
(B into a vector bundle. 

Remark 5. The condition we impose seems to be very restrictive. For ex- 
ample if we consider M g^n{X, P) Mg^„(P^, z.,,/?) the above construction 
applies without further conditions only in genus zero because in general 
^~^(^M,.„(x,/3)/M,.„(P-,u/3)) might not vanish. 

In general, the relative obstruction theory induced by i will not be perfect in 
higher genus. Let us consider P'' ^ P'" x P^. Then we have an induced map 
Mg,„(P^(il) ^ Mp,n(P'' X P^(di,0)). A simple argument (seeSj]) shows 
that the dual relative obstruction theory we obtain is 7?.*7r*/*A']pr/prxps. 
We have that the normal bundle A^pr/pr^ps is isomorphic to O®/. Since the 
map H^{0^r) H'^{0^r) is obviously not surjective for g >2, the (dual) 
relative obstruction theory will never be perfect. 

Definition 4. In the notation above, we call fif^^^ ■ A^,{F) a 

virtual pull-back. When there is no risk of confusion we will omit the index. 

Let us motivate the definition. For this, let us assume E^^^^ and E^i^ 
are perfect in [—1, 0]. Then on F and G we have well defined virtual classes 
r^lvirt ^j^j [G]^^''* respectively and we will show in the following that /Lv 

sends the virtual class of G to the virtual class oi F. As remarked in the 
previous example, the situation is particularly nice when G is taken to be 
smooth over 9Jl. 

Example 3. The basic case. 

In the notation above, let us suppose G is smooth and F ^ G is a closed 
substack and there exists a morphism f*LQ Ep. For simplicity we take 
SOT to be Spec k. Then we have 

(i) {Cp/G, Ep^^) induces the same virtual class on F as {Gp^Ep). 

(ii) The pull back defined by Ep respects the relation 

i'-[G] = [FY''\ 

Proof. As G is smooth, the intrinsic normal cone (tp defined in [2] is nothing 
but [Gp/q/Tg]. Moreover, i*LQ can be represented by a complex concen- 
trated in and Ep^^ by a complex concentrated in —1. By abuse of notation, 
we will indicate the corresponding sheaves by i*LG and Ep^Q respectively. 
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Taking the long exact cohomology sequence of the exact triangle ([5]), we 
see that Ep is quasi isomorphic to [Ep/Q — > i*LG]- Therefore the vector 
bundle stack (Bp ■= h^/h^{{E*pY) is equal to [{Ep/cY /Tg\. Thus we have 
the diagram with cartesian faces 

F- ^Cf 



F/G 



E 



F/G 



that is another way of saying that the morphism A^:{(Bf) A^{F) factorizes 
through A^:{Ef/g) as follows: 

A,{(Bf) ^ A,{Ef/g) ^ MF) 
[Cf] ^ [Cf/g] ^ [Ff''. 

For the second statement, we just have to note that by our definition 
i'-[G] = s*{[Cf/g]), and by (i) is precisely [F]™* as defined in [2]. □ 



2.3 Generalization 

Restricted virtual pull-backs. As we already remarked, perfect relative 
obstruction theories are not likely to exist in general. However, if we restrict 
ourselves to a smaller group, then under fair assumptions we can still define 
a puUback. Let us make this precise. 

Let F, G be DM-stacks as in Corollary [H that admit perfect obstruction 
theories to some (smooth) Artin stack 9Jl and let us denote the image of the 
virtual pull-back /^^ ^ A^{G) by A^{G). For any a G A^niG) 

there exists /3 G A*(9Jt) such that 



Then we define the restricted virtual pull-back /' : A<yy{{G) — > A^{F) by 



3 Basic properties 

Once we have defined a "pull-back" , we want to show it has the usual prop- 
erties. Due to the geometric properties of the normal cone ([T|), the proofs 
follow essentially in the same way as the ones in [5]. The fact that our pull- 
back defines a bivariant class is analogous to Example 17.6.4 in [5]. The only 
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point we need to be careful at is the functoriality property, where we need a 
compatibihty condition between the vector bundle (stacks) that replace the 
normal bundles. 

Theorem 2. Consider a fibre diagram of Artin stacks 




and let us assume f is a DM-type morphism and C; is a vector bundle stack 
of rank d that satisfies condition (*) for f . 

(i) (Push-forward) If p is proper and a G Ak{G"), then /£j'*(a) = q*f^a in 
Ak-diF'). 

(a) (Pull-back) If p is flat of relative dimension n and a G ^^(G'), then 
fi^p*{a) = q*f-^a in Ak+ri-d{F") 

(Hi) (Compatibility) If a G Ak{G"), then /^a = fg*^a in Af^_d{F"). 
Proof, (i) It is enough to show that the diagram of groups commutes 

A,{G")^MCf"/g") 
Q 



A^{Cp>/G') 



p* 

A,{G') 

where Q is the map induced by the map between the deformation spaces 
M^„F" M°p,G'. But this follows in the same way as Prop 4.2 in [5j. 

(ii) Let us choose a cycle [Z] representing a and let U be the fiber product 
p~^{Z) Xqi F'. We need to show that q~^Gp//Qi = Cjj/p^iz, which is clear. 

(iii) Is obvious. □ 

Remark 6. As remarked before, the generalized Gysin pull-back is well- 
defined for smooth pull-backs. Let us show that the two definitions agree. 
By (i) above, it is enough to prove the claim for a = [G], for which it follows 
trivially by construction. 

Theorem 3. (Commutativity) Consider the fiber diagram of Artin stacks 
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Let us assume f and g are morphisms of DM-type and let (E and ^ be vec- 
tor bundle stacks of rank d, respectively e that satisfy condition (*) for f , 
respectively g. Then for all a € Ak{G'), 

in Ak-d-e{F"). 

Proof. Using Theorem [2] we may assume a = [G'] . We see that the puh- 
back of g-f-[G'] to p*q*<t v*u*^ is equal to Cc^, ^^,y,^,G" /Cp, /a' ^'^^ 
pull-back of f-g [G'] to p*q*^ © v*u*^ is equal to Cc^„ ^^,y,^,F' /Can /or 
Vistoli's rational equivalence (see [13] or [T^ ) 

in A^,{Cpi xqi Cqii^qi). This equivalence pushes forward to A^{p*q*(B © 
v*u*^) and therefore the conclusion. □ 

Corollary 2. In notations as in Construction\^ f defines a bivariant class 
in the sense of ^5], Definition 17.1. 

Corollary 3. (Projection formula) Let F ^ G a proper morphism of DM- 
type that satisfies (*). Then for any a S A*[G) and (3 G A^{F) 

«•/*(/?) = /*(/*(")•/?) 

in A^{G). 

Proof. By Corollary [21 all we need to do is to use the projection formula for 
bivariant classes in [18j. □ 

Definition 5. Let F ^ G Tl morphisms of stacks. If there exists a 
distinguished triangle of relative obstruction theories which are perfect in 
[-1,0] 

9*FG/m ^F/m ~^ ^F/G ~^ 9*Eq/^[1] 
with a morphism to the distinguished triangle 

9*LG/m ~^ ^F/m ~^ ^F/G 9*LG/m[^]-- 
then we call (Ep^Q, E^^^^, E^^^^) a compatible triple. 

Remark 7. As in Construction [21 if there is a morphism E'pj^ — > g* E^i^j^l] 
compatible with the corresponding morphism between the cotangent com- 
plexes, then iIj determines a complex E^^^ that fits in a distinguished tri- 
angle as above. Moreover, E'^i^ defines a relative obstruction theory. If 
E'piQ and E^^^ are perfect, then E'pj^ is perfect. 
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Lemma 3. Consider a fibre diagram 




with f a morphism of DM-type, ^ a vector bundle stack and ^' its puUback 
to G' . Let us assume there exists a vector bundle stack <£' that satisfies 
condition (*) for f. Then 



and for any a £ Ak{d') 



(0o/)!^(a)=/^,(0!j(a)). 



Proof. For the first part it suffices to show that Cp//:gi is canonically iso- 
morphic to Cpi/Qi X pi {Cqj^ xg G'), that is example [T] (iii). 
The equahty follows in the same way as in [ibid.] Let us notice that by 
theorem [2] (i) and the homotopy property for vector bundle stacks ([13]) we 
may assume a to be represented by ^' and G' can be taken to be irreducible. 
Now, the problem reduces to 



{oofym = f[G']. 



(6) 



If TTi : E ^ p*(t' and tt2 ■ ^' ^ F' are the natural projections, then we have 
by the above 

From the construction of Gysin pull-backs 



and 



= TTlf-[G']eA,{p*^') 



Combining the three equalities we get equality ([6]) above, and therefore the 
conclusion. □ 

Theorem 4. (Functoriality) Consider a fibre diagram 
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Let us assume f , g and g o f have perfect relative obstruction theories E" , 
E'" and E* respectively and let us denote the associated vector bundle stacks 
by <B' , C and (B respectively. If {E" , E"* , E*) is a compatible triple, then 
for any a G A^iM') 

{g ° = feide'ioi))- 

Proof. We argue as in the proof of Theorem 1 in [12j (or Theorem 6.5 of 
0). 

In the same way as in the proof of the previous lemma 971' may be assumed 
irreducible and reduced and a = [971']. 

Consider the vector bundle stacks: p : — > F, vr : — > G and a : 
(B'®f*(B" F. 
By definition 

igof)'-Tl'={pn-H[CF'/m']) 

Let us now look at the cartesian diagram 

F' — ^ G' ^ Cc'/m' 

F' ^^G' ^^(f'^G/m- 

From the definition of the pull-back we know that f\g''^') is equal to 
/'(O' [Ccz/fuj/]) and by the previous lemma 

'/m'\- 

If we denote Cg'/^i by Co, then the above shows that f\g'^') is repre- 
sented in <S.piG © f*^G/m by the cycle [C^'/Col- The construction respects 
equivalence in Chow groups and so we are reduced to showing 

{^*rH[CF'/Co]) = {p*)-H[CF'/m']) (7) 

in A^F'. 

Introduce the double deformation space M' := Mp, pi,,,o ^ P-*^ x P-*^ 

with general fiber M'^, and special fibre Cpi-^^i ji^jo^^ ^ over {0} x P^ (see 

|12j . proof of Theorem 1). Restricting to this special fibre and considering 
the rational equivalence on the second P^ we see that 

[Cf'/Cq] ~ [Cp'/m] (8) 
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In a completely analogous fashion there exists a double deformation space 
M := M° PI ,,,o . If we consider the map w: F' xF^ ^""-^^ F x P^, then 
the general fibers of M and M' are related by the cartesian diagram 

F' X 

w 

F X 

This implies C^'xpi/M^, ~* (p ^ 1pi)*C'fxpVm^^^ is a closed immersion 
and consequently we can push forward relation ([8]) in A*(z«*C^xPVAf^ rgj)- 
Now, by Proposition 1, in [12], we have a morphism 

^*(Ci.xPVAf°/^) =^ ^*(/iV/i°(c(n)^)) 
where u := {T ■ id,U ■ can) is the map 

f*LG/m ^ Cipi (-1) A f*LQ/^ ® ^F/an 

in X P^) and c(u) its mapping cone. Here we denoted by T and U 
the homogeneous coordinates on P^. Let us consider the closed immersion 
w*i : A^{w*Cp^-pi/M^^^) ^ A^{w*h^ /h^{c{uy)). Then pushing forward 
via w*i the equivalence relation we have in A^,(w*Cpy^pi/]^^^^), we obtain 
the equivalence relation ([H]) in A^{'w*h^ /h^{c{u)'^)). 

Let us now use the notation of Construction El Consider the morphism 
v:={T- id, U-^): rEc/m ^ Opi{-l) ^ /*Fg/ot e Ep/^ in V{F x pi). 
The morphism of distinguished triangles in Definition [5] gives a morphism 
of distinguished triangles 

(fp)*E"'(-l) ^iillL^ ifprE'" ®p*E' ^w*c{v) 

(/p)*iG/OT("l) {fp)*LG/m®P*LF/^ w*c{u) (/g)*iG/OT(-l)[l] 

over X P^. Dualizing and taking /hP of the map w*c{v) — > w*c{u), we 
obtain a morphism of Picard stacks w* / {c{uY ) — > w* / h? {c{vY ) that 
is a closed immersion. Therefore, we can push forward the rational equiva- 
lence ^ on w*h^ /hP{c{vY) that is a vector bundle stack on F' x P^. The 
fact that the above map between cone stacks is a closed immersion follows 
from Prop 2.6 in [2] and the fact that the maps in cohomology induced by 
the vertical maps in the above diagram are isomorphisms in degree and 



M° 



m: 



Gim- 
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surjective in degree — 1. 



Let us now conclude the proof. We have obtained [C^'/Cq] ~ [C'f'/ot'] 
in A^{w*h^/h^{c{vy)). Looking at w* / {c{vy ) ^ P\ we see that 
w*h^/h'^{c{vy) restricts to Fq := p*(B'®p*f*^" and Fi := p*(B in F' x {0} 
respectively F' x {1}. As the map 

A,{w*h'/h'>{c{vy)) ^ A,{F,) ^ F' 

does not depend on i we deduce equality ([7]) . □ 

Corollary 4. In the notation of Construction\^ let us suppose we have a 
commutative diagram 

f 

F 





m 

with 9Jt purely dimensional. If E^^^ is perfect, then 
Proof. By the definition of virtual classes we have 

Moreover, by the construction of Ep/Q we are in the hypotheses of Theorem 
m and therefore 

{pofy^^jm] = f^^J-^^^jm]. 

The two equations above show that /^^ JG]™^ = [F]"''*. 

F/G ^ 

Remark 8. Let us consider a cartesian diagram of DM stacks 




with obstruction theories Ep, Eq, Ep,, Eq, and let us assume Ep^^ and 
F',/g, exist and are perfect. If g*(BF/G = ^f'/g'^ then = [FY'''^- 

This is a version of Proposition 5.10 in [2j and Theorem 1 in [12]. The 
advantage is that looking at obstruction theories is much easier than looking 
at cotangent complexes, that in general are difficult to compute. 
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4 Applications 



In this section we collect some applications of the virtual pull-back we de- 
fined. We take the ground field to be C. 

4.1 Pulling back divisors 

Let P be a convex variety and d Ai (P) be the class of a curve. If X ^ P 
is an embedding of smooth projective varieties, then i induces a morphism 

Mg^n{X, d) ^ Mg^„(P, d) where we made the convention that M^^niX, d) is 
the union of all MQ^n{X^ j3) such that = d. Let Df := Dp(gi,ni, di \ 
g2,'n2,d2) be a boundary divisor in Mg_„(P, d) that comes with a virtual 
class obtained by pull-back along the obvious forgetful morphism 

and analogously we have a boundary divisor := Dxigi,ni,di \ 92,^2, d2) 
in M g^n{X, d) equipped with a virtual fundamental class. Constructing the 
following cartesian diagram 

Dx ^ ^ ^gi,ni+l X ^g2,n2+l 

Mg,n{X, d) Mg,n{^, d) m 

we get 

i'[Dp{gi,ni,di \ 52, "2, (^2)]'"''* = [Dx{gi,ni,di \ 92, "-2, ^2)]""*. 

Indeed, in genus zero the obstructions are compatible and in higher genus 
the claim is tautological. 

Remark 9. The above shows that for any X ^ ¥ pulling-back the WDVV 
equations on Mg^„(P, d) gives the WDVV equations on Mg^n{X,d). In par- 
ticular, it is hopeless to expect we can compute the rational GWI of X with 
Kx "negative enough" for any arbitrary X (see for example [7], Chapter 
3) by simply "pulling back" relations from Mg^„(P, d) (see for example [7.J, 
Proposition 1.3.10). 

4.2 Blow-up 

Let X be a smooth r-dimensional projective variety, Y X a smooth r'- 
codimensional subvariety and p : X ^ X the blow-up of X in Y, with 
exceptional divisor E. 

Definition 6. For every blow up p : X ^ X and every class /? G Ai{X) we 
call the class p'f3 the lifting of (3 and we denote it by /?. 
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Remark 10. The lifting of (3 satisfies two basic properties that follow trivially 
from the projection formula, namely p^(3 = (3 and (3 ■ E = Q. 

Lemma 4. The moduli space of stable maps to X of class (3 and the moduli 
space of stable maps to X of class (3 have the same virtual dimension. 

Proof. By |5j we know that 

= p*Kx + (r' - 1)E 

and therefore the virtual dimension of M g^n{X , (3) is 

Ydim(Mg,niX, p)) = {l-g){r-3)-K^-P + n 

= {l-g){r-3)- [p*Kx + (r' - 1)^] • /3 + n 
= il-g)ir-3)-p*Kx-P + n 
= {l-g){r-3)-Kx-f3 + n 
= vdimMg,„(X,/3). 

□ 

Lemma 5. IfF is convex then p^[Mo^ni^, f3)V"^ = [Mo,n(IP, 

Proof. The proof is a straightforward generalization of [6j, Proposition 2.2. 
Let us sketch here the argument for completeness. Since P is convex the stack 
MQ^nO^,(3) is smooth of expected dimension d. Let Zi,...,Zk the connected 
components of Mo,n(P, (3). As Mo,n(IPi 13) has expected dimension d we have 

p,[Mo,n{^JW' = ai[Zi] + ... + ak[Zk] 

for some aj € Q. If we show that p is a local isomorphism around a generic 
point C := (C, xi, x^, /) G Zi for some 1 <i <k then by [6] we have 

p4Mo,n(F,/3)]""* = [Zi] + ... + [Zk] = Mo,n(P,/5). 



Let us suppose that for some generic C G Zj, p^^(C) is not a point. As C is 
generic, we may assume that C is irreducible. Then /(C) must intersect the 
blown up locus and the subscheme M of Mo,ra(P, (3) consisting of such maps 
must have dimension d. But P is convex and Y has codimension at least 
two, hence M has codimension at least 1. This leads to a contradiction. □ 

Proposition 1. Let X be a smooth projective subvariety of some smooth 
projective convex variety P and Z a smooth subvariety of ¥, such that X 
and Z intersect transversely. Then for any non-negative integer n and any 
(3 G Ai{X) with lifting (3 £ A^{X) 
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Proof. If y = X n Z, X is the blow-up of X along Y and P is the blow-up 
of P along Z then the diagram 




is cartesian. Also, the rotated diagram 

x-^x 



P 

is cartesian and therefore we have 
and 



u(3 = 



We are interested in analyzing the moduli spaces of stable maps with these 

varieties as target spaces. The inclusions above induce morphisms be- 
tween the moduli spaces of genus-zero stable maps with n marked points 

Mo,n{Xj) A Mo,n(P,i^) and Mo,n(^,/3) ^ Mo,„(P, i*/3). Putting all 
together, we get a diagram of DM-stacks 

Mo,„(X, P) Mo,n(P, C5) 



Mo,„(X,/3)^^Mo,„(P,z*/3). 

A closer look at the groupoid defining the spaces of stable maps shows that 
Mo,n(^,^) = Mo,„(X,/?) x^^_^(p^.^^) Mo,n(P,i*/3). In order to apply the 
virtual push-forward machinery to this diagram, we first need to analyze the 
obstruction theories involved. 

Let us denote the moduli space of genus-zero (pre-stable) curves with n 
marked points by 9Jl. Then it is a well-known fact that the relative ob- 
struction theories are := (7^V.e^;*Tp)V and := 

{JV"iT^ev*TxY ■ A standard cohomology and base change argument shows 
we have a natural map ^ : ^* E^^^^^^^^^^^^ ^ ^k,n(x,/3)/nn- Moreover, 
the smoothness of Mo,n(P)^*/5) implies the existence of a perfect relative 
obstruction theory „(p,,,^)- Precisely, if we denote by Nx/w 
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the normal bundle of X in P then ,^ . ^, is (TZ^iT^ev*Nx/w)'^ 

viewed as a complex concentrated in — 1 . By Construction [2] and Corollary 
m we have 

For the upper inclusion, we argue again by cohomology and base change. 
The 3-terms relative obstruction we are interested in is 

[(7^V,e^;*A^^/p)^ ^ (TZ^Tr^ev* Nj^^p)"^ ^ 0]. 

In order to prove it is perfect we compare it with ^^^^ 

that we already know is perfect. The first ingredient is p*Nx/f = -^x/P' 
Then, all we need to show is 

p*(7^V,e^;*iVx/p) = {n\^ev*p* Nx/v) (10) 

in the derived category of Mo,ra(X,/3). As usual, we replace ev*Nx/f by a 
quasi-isomorphic complex of vector bundles on Mo,n+i(X) /?), K such that 
TV"K.^K is again a complex of vector bundles (see pQ). But now TV"K^,p*K = 
p*TZ^Tr^K, therefore we can conclude equality (fTO]l holds. Finally, we apply 
Proposition [2] (iii) and we get 

i'[MoA^,i^PW"' = [MoAxJW''- (11) 
On the other hand, p is proper and Proposition [2] (i) gives 

i'p,[Mo,n(P, iTpW' = pJ [Mo,n(P, (12) 
On the left hand side we can apply Proposition [5] and we obtain 

i!p*Mo,n(P,i'^)]""* = r[Mo,n(P,i*/3)]""*. 
Gathering all together, equations O [TTl [T^ translate in 
p.[Mo,„(X,/3)]->^* = [Mo,n(X,/3)]-'-*. 



□ 



The projection formula gives the following Corollary. 



Corollary 5. Let X and Y as above, and let 7 G A^:{X)^" be any n-tuple 
of classes such that ^^codim^ji) = vdimMo^niX, P). Then, ^qj^^{p*i) = 



21 



Remark 11. This result was obtained in [8] in a more general context. Lai 
starts with X and Y such that Ny/x is convex and he analyzes the map 

MQ^n{X , (3) MQ^niX, P). Under this hypothesis the relative obstruction 
theory induced by p is perfect that in our language means that p admits a vir- 
tual pull-back. We should stress however, that we cannot use the usual rela- 
tive obstruction theories to Tl in order to obtain the previous result because 
the diagram in Corollary H] is not commutative. In [8], Lai uses the absolute 
obstruction theories and he shows they are compatible with the relative one. 
In our language this means that p-[Mo^niX, = [Mo^n{X , From 

now on, the main problem is that p*[Mo,n(-^; /?)] is not necessarily equal 
to [MQ^n{X, P)] and in order to fix it Lai needs to impose an extra slight 
condition (see Theorem 4.11). 

Remark 12. If X is the zero-locus of a section s G H^{F, V), for some convex 
vector bundle y on P and Y respects the hypothesis of Proposition HJ then 
the equality p4Mo,n{X J)^''^ = [Mo,n(^, Z?)]"'* follows trivially from [l2]. 
Indeed, using the notations of [ibid.] we have 

i4MoAX,P)V"' = ctopin\.ev*V) ■ [Mo,ni^,uf3)r\ 

Again, using equality 1101 we get the same relation with blow-ups, namely, 

i4Mo,n{Xj)r' = ctop{p*'R\.ev*V) ■ [Mo,n(P,^^)]""^ 

All we have to do now, is to apply the projection formula. 



4.3 Costello's push-forward formula 

The push-forward formula in [3j is a consequence of the basic properties of 
virtual pull-backs (push- forward and functoriality) . We recall the set-up. 
Let us consider a cartesian diagram 



G 



pi 



P2 



Til 



such that 



1. / is a proper morphism; 

2. g is DM- type morphism of degree d; 

3. Til and TI2 are Artin stacks of the same pure dimension; 

4. F and G are DM-stacks equipped with perfect relative obstruction 
theories Ep/(jyi^ and -Eg/OT2 inducing virtual classes [F]^'''* and [G]™*; 
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5. -Ef/OTi — /*-^G/OT2- 

Proposition 2. (Costello, 13], Theorem 5.0.1. ) Under the assumptions 
above, f4FY''^ = d[GY''K 

Proof. As Ep/fjji^ and EQ^r^i^ are perfect, pi and p2 induce pull-back mor- 
phisms and Epj^jyi^ = f*EQ/<)ji^ implies p[ is induced by Applying Theo- 
rem [2] (i) we get f*Pi[Tli] =p2g4Tli]. Using the fact that g^Tli] = d[Tt2] 
and the definition of virtual classes we get 

□ 
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